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By including the effect of an external trap in a two-channel model for Feshbach resonances, we
reproduce the experimental closed channel fraction across the BEC-BCS crossover and into the
BCS regime of a 6Li atomic Fermi gas. We also reproduce the measured binding energy of ultracold
molecules in a 40K Fermi gas. We provide general and near-resonance simple formulas for both
observables. Contrary to the free-trap two-body theory and in line with experiments, our results
predict a non vanishing closed channel fraction for fields above the resonance, which can be controlled
by the trap frequency.
Magnetic-field tunable Feshbach resonances provide
the essential tool to control the interaction between
atoms in ultracold quantum gases. In current ultracold
gases experiments these resonances are induced by vary-
ing the strength of an external magnetic field used to
tune the relative energy between the collision energy of
two atoms and that of a quasibound molecular state via
the Zeeman effect. The resonant interactions allow not
only to control the strength of the atomic interactions but
also if they are effectively repulsive or attractive [1, 2].
Over the last twenty years, this precise generation and
control of interactions has been a crucial ingredient in
the understanding of the behavior of quantum matter,
leading to many breakthroughs such as the generation
of fermionic Bose Einstein condensates [3], the observa-
tion of reversible crossover to a degenerate Fermi gas [4],
measurements of collective excitation modes as well as
pairing in a strongly interacting Fermi gas of atoms [5],
and proofs of superfluidity in Fermi gases [6].
The crossover from a molecular Bose-Einstein con-
densate (BEC) to atomic Cooper pairs in the
Bardeen-Cooper-Schrieffer state (namely, the BEC-BCS
crossover) near a Feschbach resonance has been widely
studied through several theoretical approaches, such as
Quantum Monte Carlo methods [7], field theory [8],
and multi- or two-channel calculations [9]. However,
as pointed out by Romans and Stoof in Ref. [8], most
of these theories fail to reproduce the measured closed-
channel fraction and show complete disagreement with
available experimental data above the resonance [10].
One of the reasons for this disagreement (even in very
satisfactory matches as the achieved in Refs. [8, 11] by
developing a functional integral formalism for atom and
molecule field) is that none of these approaches include
the effects of the optical trap in which experiments take
place. Here we present a simple two-channel model for
two harmonically trapped atoms with finite-range inter-
action near a Feshbash resonance. We show that when
the external trap is included the two-body physics leads
to handy general and near-resonance formulas for the
binding energy and the closed-channel contribution, as
well as to intuitive and accurate results.
The qualitative essence of the BEC-BCS crossover in-
volves a continual change between a BEC of diatomic
molecules (that in the case of a Fermi gas implies the
emergence of a bosonic degree of freedom) and a BCS
loosely correlated Cooper pairing state. This simple idea
points to the need of considering diatomic molecules that
are more and more weakly bound [12]. A simple model
that enables such a pairing of atoms consists of two chan-
nels (open and closed) in which a two-body bound state
can be created. The open channel corresponds to two
atoms while the closed channel provides bare molecular
states [10]. Then, the complete picture consists of a pair
or dressed molecule in a superposition of the open and
closed channel states,
|ψ〉 =
√
Z ψm |closed〉+
√
1− Z ψaa |open〉,
with Z being the closed-channel fraction or contribu-
tion, it gives the probability of the molecules to be in
the closed channel and quantifies the mixing between the
atom pairs (aa) and the molecules (m) in the gas [8]. Our
previous qualitative formulation of the crossover requires
Z ∼ 1 deep in the BEC side and Z ∼ 0 in the BCS side.
Translating this into equations, the wave function of two
trapped atoms with mass m on an open channel sup-
porting the threshold of the two-atom state and a closed
channel supporting a bound state Ec magnetically tuned
close to the threshold satisfies
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(
−~
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m
∇2 + mω
4
r2 + vˆ
)
|ψ〉 (1)
vˆ =

−~2m
(
q2o Ω
Ω q2c − m~2 (Ec + µB)
)
for r ≤ r0
(
0 0
0 ∞
)
for r > r0,
where we consider spherical attractive potentials with
range r0 and depths −~2q2o/c/m, a coupling between
channels given by Ω, a trap frequency denoted by ω,
and the Zeeman shift µB. To solve Eq. (1) one must
introduce new superposition states, |+〉 = cos θ |open〉+
sin θ |closed〉 and |−〉 = − sin θ |open〉+ cos θ |closed〉, re-
lated to new dressed uncoupled channels [9]. The scat-
tering length a is obtained by solving the free-trap zero-
energy scattering equation [13, 14], and can be rewritten
in term of the magnetic field as
a− r0
abg − r0 = 1 +
∆B
B −Bres , (2)
with ∆B being the resonance width and Bres the res-
onance position. These quantities are given by ∆B =
−~2γ(abg − r0)/mµ and Bres = −~2c/mµ+ ∆B, where
abg is the background scattering length, γ = 2q
2
cθ
2/r0 is
the Feshbach coupling, and θ is the mixing angle of the
dressed states [9]. The scattering length a diverges when
B is tuned very close to the resonance. In this situa-
tion, known as the unitary limit, the interaction changes
from attractive (a > 0, molecular side -BEC) to repulsive
(a < 0, atom-atom side -BCS).
The energy of the two-body state obtained when solv-
ing Eq. (1) without restrictions is determined by
λ
Dλ(x0)
Dλ−1(x0)
= cos θ2
λ+
f−λ+ (x0)
f+λ+−1(x0)
+ sin θ2
λ−
f−λ− (x0)
f+λ−−1(x0)
, (3)
where f±ς (x) = Dς(x) ± Dς(−x) with Dς(x) being
the Parabolic Cylinder functions [15, 16], and x0 =√
mω/~r0. These functions depend on λ = −1/2 where
 = E/~ω, λ+ = λ+ q˜2o , and λ− = λ+ q˜2c − c − µB/~ω.
For the last definitions we used q˜2o/c = ~q
2
o/c/mω and
c = Ec/~ω. We also used the weak coupled channels
conditions, i.e. Ω  q2o , q2c , |q2o − q2c | implying θ  1,
which constitute an excellent approximation [9, 17]. No-
tice that all the parameters are divided by the trap’s char-
acteristic length or energy. Taking into account several
properties of the Parabolic Cylinder functions, assuming
that the states are close to the threshold, and considering
the experimental ranges of the involved quantities [18],
Eq. (3) transforms into
−
√
2Γ( 1−λ
2
)
Γ(−λ
2
)
=
cos θ2
√
q˜2o + λ
tan(
√
q˜2o + λx0)
+
sin θ2
√
q¯2c + λ
tan(
√
q¯2c + λx0)
, (4)
where q¯2c = q˜
2
c − c − µB/~ω. If λ < 0, the well known
expansion Γ(z + 1/2)/Γ(z) =
√
z(1 − 1/8z + · · · ) in the
left side of the above equation leads to Eq. (12) of Ref.
[9] as a first order approximation to the energy relative
to the ground state of the trap. Since we are particularly
interested in the near-resonance crossover coinciding with
λ ∼ 0, we need to keep all the physics hidden behind this
term. Moreover, it is the same term that arises when
solving a single channel delta-type interaction with a trap
[16, 19]. Therefore, the left side of Eq. (4) adds mostly
the trap effect, while the right side contains the two free-
trap channel physics.
Now we focus on the derivation of handy formulas for
the binding energy of the molecules and for the closed
channel fraction, both accesible quantities in current ex-
periments. Regarding the conditions mentioned earlier
and following similar calculations as those presented by
C. Chin in Ref. [9], Eq. (4) reduces to
(
√
2Γ( 1−λ2 )
Γ(−λ2 )
+
1
x0 − a˜bg )(c +
µB
~ω
− λ) = γ˜, (5)
with a˜bg =
√
mω/~ abg and γ˜ = γ/(mω/~)3/2. When
the coupling between channels is absent (γ = 0) Eq. (5)
implies λ = c+µB/~ω and
√
2Γ(1/2−λ/2)/Γ(−λ/2) =
1/(a˜bg−x0). The former corresponds to the bound state
in the closed channel while the latter resembles the results
obtained when considering a single channel in a trap [16,
19].
The closed channel fraction Z can be obtained by
direct integration of the closed channel wave function
Z =
∫ |ψm|2d3r thus requiring numerical integration, or
as the derivative of the energy on c, i.e. Z = ∂λ/∂c.
Although both procedures provide the same result, the
second one leads directly to
Z =
2γ˜
2γ˜ + (c +
µB
~ω − λ)2
√
2Γ( 1−λ
2
)
Γ(−λ
2
)
{
Ψ( 1−λ
2
)−Ψ(−λ
2
)
} ,(6)
where Ψ(z) denotes the Digamma function [15]. For a
given magnetic field, one must first solve Eq. (5) to ob-
tain the energy ground state and then insert it in Eq. (6).
It is possible to obtain even simpler near-resonance ex-
pressions. Expanding Eq. (5) for small λ and using Eq. 2,
the dependence of the molecular binding energy on the
scattering length and magnetic field reads
√
2Γ( 1−λ2 )
Γ(−λ2 )
=
1
a˜− x0 =
µ(B −Bres)
~ωγ˜(a˜bg − x0)2 , (7)
3where a˜ =
√
mω/~ a. Since the characteristic length
of the trap is larger than the range of the considered
interaction, the obtained dependence of the molecular
binding energy on the scattering length is essentially the
same obtained for a delta potential plus a correction due
to the interaction range.
Although the free-trap two-body theory predicts that
the closed channel fraction vanishes when the resonance
is reached, the experimental evidence shows that it con-
tinues smoothly across the resonance -see for instance
Refs. [9, 10, 20]. Using the near-resonance approxi-
mation of Eq. (7) given by λ = µ(B − Bres)/~ω(1 +√
pi/2γ˜(a˜bg − x0)2) in a first order expansion of Eq. (6),
it is straightforward to see that the non-vanishing closed
channel contribution in the resonance is
Zres =
1
1 +
√
pi~
2mωγ(abg − r0)2
. (8)
Several interesting features arise here. On the one
hand, in the absence of the trap Zres goes to zero, thus
recovering the results of the free-trap model of Ref. [9].
On the other hand, the closed channel contribution can
be controlled by varying the trap frequency: a larger
frequency leads to a larger Z. Since the physical en-
tities that depict the Bose Einstein condensation in a
Fermionic gas are those molecules or pairs quantified by
Z, this means that the condensate fraction can be con-
trolled by the trap in agreement with experimental ob-
servations [10]. When the available space defined by the
trap is large compared to the size of the pairs, the trap
enhances the closed channel fraction in line with the in-
tuitive notion that the trap forces the pairs to be in a
molecular state. This is possible because the availabil-
ity of enough space in the real space is related to the
availability of sufficient space in the state space [21, 22].
When the size of the molecules begins to be compara-
ble to the trap’s characteristic length, the trap acts as
a buffer for the closed channel contribution. The latter
is not only because the insufficient physical space favors
the interaction between pairs, but also because the lack
of accessible states leads to Pauli blocking. Deeply into
the BEC side the molecules behave as point-like compos-
ite bosons whose size grows towards the resonance. Nu-
merical integration of the wave function obtained within
our model gives 〈r〉 = a/2 for fields below the resonance
width, in consonance with the results obtained for the
regularized delta and two-channel models without trap
[9, 14]. Near the resonance the pair size grows until oc-
cupying more than half of the trap, being much larger
than the interaction range.
In what follows we contrast our results with the avail-
able experimental data for the closed channel fraction
measured in a 6Li Fermi gas when crossing the so called
6Li broad resonance [10], and for the binding energy mea-
TABLE I. Parameters of the 6Li broad and 40K Feshbach
resonances extracted from Refs. [2, 9]. a0 and µB denote
Bohr radius and magneton, respectively.
r0(a0) Bres(G) ∆B(G) abg(a0) µ(µB) γ
−1/3(a0)
6Li 29.9 834.15 300 -1405 2.0 101
40K 62 224.21 -9.77 174 1.68 67
sured in a 40K ultracold Fermi gas[4], see table I contain-
ing the corresponding parameters.
Figure 1 shows the closed channel fraction Z for mag-
netic fields between 600 and 950 G and a trap frecuency
of 2270 Hz. The points are the experimental data taken
from Ref. [10], whose size indicates the uncertainty in
Z. The gray solid line is the calculated Z within the
free-trap two-body model of Ref. [9], black dashed lines
are the results obtained via Eq. (6), and gray dot-dashed
lines are the results obtained using Eq. 7 in Eq. 6. The
trap-free model matches the data below the resonance
but fails near and above the resonance. Our model leads
to the same values than the free model below the reso-
nance and shows an excellent agreement near and above
the resonance. While the two-body free-trap model pre-
dicts that Z goes to zero in the resonance [9, 10], our
model predicts the value of Zres = 2.456 10
−5 (horizon-
tal lightgray dashed line). To show that the free-trap
results are recovered when ω is small enough, the inset
of the figure depicts the obtained Z for different trap fre-
quencies. In Ref. [10] the 920 G point is identified as
presenting experimental issues, which can be the reason
for its deviation.
Figure 2 depicts the binding energy of the molecules
for magnetic fields between 220 and 225 G and for a trap
frecuency of 250 Hz. The data points were extracted
from Ref. [4]. The gray solid line is the calculated en-
ergy with the free-trap model of Ref. [9], while the black
dashed lines are the results of Eq. (5). Since the experi-
mental trap frequency is small enough, both models give
the same results and are in agreement with the measured
values. As expected, the energy increases for increasing
trap frequencies and the free-trap results are recovered
for small enough frequencies -see the inset where the en-
ergies obtained for different trap frequencies are shown.
Finally, figure 3 illustrates the behavior of Zres as a
function of ν = ω/2pi for several resonances. Although
the focus of the present work was on the BEC-BCS
crossover near a Feshbach resonance for Fermi gases, in
order to show the extent of our results we included res-
onances of bosonic 87Rb. The obtained values of Zres
support that the 6Li 834.15 G, 40K 224.21 G, and 133Cs
547 G resonances are open-channel dominated (Z  1),
while the 6Li 543.25 G, 23Na 1195 G, 87Rb 1007.4 G,
685.4 G, and 406.2 G can be open- or closed- channel
dominated depending on the trap frequency. A thresh-
old frequency can be defined by requiring Zres = 1/2
4FIG. 1. Closed channel fraction Z vs. magnetic field B. The
points are the experimental data taken from Ref. [10], whose
size reflect the uncertainty in Z. The closed channel fraction
obtained with the free-trap model of Ref. [9] is depicted in
gray solid line while our results are depicted in black dashed
line -see Eq. (6). The approximation calculated using Eq. 7 is
shown as a gray dot-dashed line. The horizontal gray dashed
line gives Zres = 2.456 10
−5. The vertical gray dashed lines
indicate the Bres value and the typical BEC-BCS Crossover
regime given by |a| > 3000 a0. Notice that the 920 G point is
identified in Ref. [10] as presenting experimental issues. The
inset contains the obtained Z for several trap frequencies.
in Eq. 8, ωth = pi~γ2(abg − r0)4/2m. For frequencies
below (above) ωth, the resonance is open- (closed-) chan-
nel dominated, corresponding to Zres below (above) 1/2.
The associated νth for the fermionic
6Li 543.25 G and
23Na 1195 G are 1.860 102 Hz and 3.136 102 Hz respec-
tively. Those frequencies are in the experimental range
[17], meaning that a balanced mixture state could be gen-
erated by tuning the trap frequency to ωth. From Eq. (8)
a relevant quantity arises, χres =
√
m/ωµ∆B(r0 − abg),
which can be useful when comparing resonances for a
fixed frequency: larger and positives χres leads to smaller
Zres.
In conclusion, by adding an external trap to a sim-
ple two-channel model for Feshbach resonances, we were
able to reproduce the measured closed-channel fraction
across the BEC-BCS crossover and into the BCS regime
of a 6Li atomic Fermi gas [10], as well as the binding
energy measurements of ultracold molecules in a 40K
Fermi gas [4]. We obtained general and near-resonance
simple formulas which show excellent agreement with
measurements. Contrary to others two-body theories
and in line with experiments, our results predict a non-
vanishing closed channel fraction for fields above reso-
nance. Our results support that the closed-channel con-
tribution can be controlled by the trap frequency. They
also provide threshold values for the open- or closed-
channel dominated regime for several resonances, as well
as a relevant quantity useful when comparing resonances,
FIG. 2. Binding energy of the molecules vs. magnetic field
B. The points are the experimental measurements extracted
from Ref. [4]. The calculated E within the free-trap model of
Ref. [9] is depicted in gray solid line. The black dashed line
are the results given by Eq. (5). Vertical gray dashed lines
indicate the Bres value and the typical BEC-BCS Crossover
regime given by |a| > 3000 a0. The inset presents the obtained
E for several trap frequencies.
χres =
√
m/ωµ∆B(r0 − abg).
Our findings show that the closed-channel fraction of
a 6Li Fermi gas near the Li broad resonance can be accu-
rately and completely described by the two-body physics
considered in the proposed model. We would like to fin-
ish by suggesting that including this accurate two-body
model in others approaches (as in the trial functions used
in Montecarlo studies [7], or in the effective quantum
field theory for Feshbach-resonant interactions [8]) may
imply a considerable gain in the understanding of the
many-body interacting quantum system, which is con-
structed upon a complete insight of the microscopic two-
body physics.
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